


[VASS e

~ ISTITUTO PER LA VIGILANZA %
> SULLE ASSICURAZIONI

(decree-law no. 95 of 6 July 2012, converted into law no. 135 of 7 August 2012)

The "Working Papers" series is aimed at enhancing the
dissemination of studies and original contributions on insurance
issues and stimulate critical comments and suggestions.

The opinions expressed during the works are attributable to the
authors alone and do not bind their respective institutions in any
manner.

via del Quirinale 21- 00187
ROMA telephone +39 06 42133.1

All rights reserved.
Reproduction for educational and hon-commercial purposes is permitted,

provided that the source is acknowledged

The series is available on-line at www.ivass.it

ISSN 2421-4671 (online}


http://www.ivass.it/

An Introduction to Poisson processes and their

generalisations

Enzo Orsingher!, Riccardo Cesari? and Vieri Mosco?

!Emeritus Professor at La Sapienza University of Rome
2TVASS - Istituto per la Vigilanza sulle Assicurazioni and University of Bologna
3IVASS - Istituto per la Vigilanza sulle Assicurazioni






Contents

1 Poisson processes 1
1.1 The homogeneous Poisson process . . . . . . . . ... o 1
1.1.1 Properties of the homogeneous Poisson process . . . . . . .. ... ... ... ..... 4

1.1.2  Alternative definitions of the Poisson process . . . . . . .. ... ... ... ... ... 8

1.2 The weighted Poisson process of order 4 . . . . . . . .. ... .. L oo 9
1.3 Skellam process: the difference between two Poisson processes . . . . . .. ... ... ... .. 11
1.4 The non-homogeneous Poisson process . . . . . . . . . . ... Lo e 13

1.5 Compound Poisson processes . . . . . . . . o i e e e e e e e 14
1.6 Poisson random fields . . . . . . . . oL 17
1.7 The integral of an homogeneous Poisson process . . . . . . .. ... ... ... ... .... 19
1.8 TIterated Poisson: composition of two independent Poisson processes . . . . .. .. ... ... 21

2 Birth processes 24
2.1 Thenonlinear case . . . . . . . . . L e 24
2.2 Linear case (Yule-Furry) . . . . . . . . . . e 28

3 Death processes 32
3.1 Thenonlinear case . . . . . . . . . .. L e 32
3.2 Thelinear case . . . . . . . . . e e 34
3.3 The sublinear case . . . . . . . . . . e e e e 35

4 The birth-death process 37
4.1 The nonlinear case . . . . . . . . . . e e e e e e e 37
4.2 The linear case . . . . . . . . . o e e e e e e 38
4.3 The extinction probability and the Riccati equation . . . . . . ... ... ... ... ... .. 40

5 Fractional extensions of the Poisson process 43
5.1 The space-fractional Poisson process: standard case. . . . . . . . .. .. ... ... ...... 43
5.1.1 Properties of the space-fractional Poisson process . . . . . .. .. ... ... ... ... 44

5.2 Generalized space-fractional Poisson processes . . . . . . . . . .. .. . 48
5.3 Another fractional generalization of the Poisson process . . . . ... .. ... ... .. .... 51
5.4 The time-fractional Poisson process . . . . . . . . . . . ... 53
5.5 The space-time fractional Poisson process . . . . . . . . . . . ... . 56
Appendices 59
A Probability generating functions. 59
B Stable random variables and stable subordinators. 61
B.1 Stable random variables . . . . . . .. .o 61
B.2 Stable subordinators . . . . . ... L 62

C Fractional derivatives. 64
References 66

iii



Chapter 1

Poisson processes

1.1 The homogeneous Poisson process

An homogeneous Poisson process N (t) = N((0,t]) = N(0,¢], ¢t > 0, is a continuous-time stochas-
tic process taking integer values representing the number of events happening over a finite time
interval (0,¢]. Its probabilistic evolution is governed by the following rules:

Definition 1.

1. Pr{N(0) =0} =1,

2. Pr{N(t,t+dt] =1} = Adt + o(dt), con X > 0;

3. Pr{N(t,t+dt] =0} =1 — A\dt + o(dt);

4. Pr{N(t,t +dt] > 1} = o(dt);

5. If 0=ty <t1 <...<t, <t, the random variables N(t;_1,t;] = N(t;) — N(tj—1), 1 < j < mn,
are independent, i.e., the process has independent increments.

where N (s,t] is the number of events in (s, t] with s < ¢. Homogeneity means that the "intensity"
or "rate" A\ (i.e. number of events per unit time) is constant. Note, in particular, that N(¢) — N(s)
is independent of N(s) — N(0) = N(s).

The Poisson process describes the realisation of a flow of rare events. It is applied to a wide range
of phenomena such as the arrival of customers in a bank agency, floods, earthquakes, car clashes,
the number of particles emitted by a radioactive source, and so on (cf. Fig. 1.1).

From the previous assumptions we can extract several probabilistic information.

Theorem 1.1: The state probabilities pi(t) = Pr{N(t) = k}, k > 0, t > 0, satisfy the following

difference-differential equations:

d
£pk(t) = —/\pk(t) + )\pk,1<t), k>0,t>0 (1.1)
with initial conditions
1 k=0,
pr(0) = (1.2)
0 k>0,
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Clearly ¥t p_i(t) = 0. In order to derive the equations (1.1)-(1.2), we write

pr(t +dt) =Pr{N(t + dt] = k}
- Pr{(N(t) =k, N(t,t+dt] =0)U(N(t) =k — 1, N(t,t +dt] = 1)

ULo(N () = k= j, N(t,t+dt] = ) }
=Pr{N(t) = k,N(t,t +dt] = 0} + Pr{N(t) = k — 1, N(t,t + dt] = 1} (1.3)

k
+ ) Pr{N(t) =k —j,N(t,t +dt] = j}
j=2

= pr(t)(1 — Adt) + pr_1(t)Adt + o(dt)

From (1.3), equation (1.1) immediately emerges.
We used the additive property of probability and properties 2, 3, 4 above.

Theorem 1.2: The distribution of the homogeneous Poisson process is given by

(A"

o E>0,t>0 (1.4)

pi(t) =Pr{N(t) =k | N(0) =0} = oM

The simplest method to obtain (1.4) is the technique based on the probability generating function
(for the p.g.f. see Appendix A)

Gu,t) =Y upp(t), 20, [ul < 1L (1.5)

From (1.1) we can write

3 Opr(t) k _ D (= Apk(t) + Apr—a (£))uF

= -AG(u,t) + A 3 _1()u”
kzzopk 1 (1.6)

— —\G(u,t) + Aiph(t)uh“
h=0
= —A\G(u,t) + MG (u,t) = Mu — 1)G(u, t)

thus obtaining the Cauchy problem:

2G(u,t) = Mu—1)G(u, 1)

(1.7)
G(u,0) = 1.
The general solution of (1.7) is given by
Glu,t) = ke M=), (1.8)
and since
G(u,0)=1 (1.9)
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we obtain that

G(u,t) = MU= = e_)‘ti (A0)* u® t>0,ul <1 1.10
) - - k! ) ) P * ( . )
k=0

Comparing (1.5) and (1.10) we extract the distribution (1.4).

Remark 1.1. The Poisson distribution from the Binomial
It is possible to obtain the Poisson distribution as a "special case" of the Binomial distribution

when n — oo, p, — 0 and np, = A

Indeed, being p, = A

n

i k -k _ 3 (n=1)...(n—k+1) ( A\E Mn—k
g (D) (L=pa)™™" = Jig SEEHEEEEG)MA—)"
. k+0 k—1 B
:n]grolo nki('n)(%)k(l _ %)n k
T &(1_%)" D LI\
T nsoo KL (1=2)F TR

Remark 1.2. Note that the standard Poisson process is a continuous-time, discrete-space process
with independent increments such that

N(0) =0 a.s.

Pr{N(t) — N(s) = k} ~ e M=) 20 g9 9

Theorem 1.3: An alternative method is to resolve the equations (1.1) recursively.

The solution of
Lpo(t) = —Apo(t),

(1.11)
po(O) =1,
is po(t) = e~ with t > 0. If we suppose that
)\t)k—l
_ t:*)‘t( kE>1 1.12
Pk 1( ) € (k? _ 1)|7 = ( )
we obtain the following non-homogeneous linear equation
d oy (A)ETL
—pr(t) = —Apr(t) + Ae™ M 1.13
with the initial condition pg(0) = 0 for £ > 0. The equation (1.13) has the form
Y + a(x)y = B(x) (1.14)
and its general solution reads
y(r) =e" Jo az)dz {/ ﬁ(z)efoz a(w)dw 4. Const} . (1.15)
0
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So, after some calculation we have that

¢ k—1
_ As,—xs (AS)
pr(t) =e {)\/O ee (k_l)!ds+const}

o [O)F o ()*
=e { 7l +const , =€ AR

(1.16)

where the initial condition is pg(0) = 0, k > 1, has been taken into account.

1.1.1 Properties of the homogeneous Poisson process

(i) Under the condition that N(t) = n, the distribution of the instants of occurrence of the n

events T1,--- ,T), is

|
Pr{T) € dt1, -, Tp € dtn | N(t) = n} = “dty - dtn,  withQ<t; <ty < - <ty <t

tn
(1.17)
Proof. From property 5 and formula (1.4) we have that

Pr{Ty € dt;,--- ,T, € dt,, N(t) = n}

P’I"{Tl edty,- - ,TREdtn‘N(t):n}:

Pr{N(t) =n}
_ Pr{N(0,t1] =0, N(t1,t1 +dt:] =1,--- , N(tn—1,tn] = 0, N(tp, tp + dt,] = 1, N(t, + dtp,t] = 0}
N Pr{N(t) =n}
e M Adty - e M) A, AU
= M~~~ —_—
no Jumps jump no jumps  jump no jumps ity -+ dty
= =n!
QO™ Xt tn
n!
(1.18)
To explain the intermediate step of (1.18), the following picture can be useful:
0 events 1 event 1 event
0 ity +dty 7 ln—1 tn t, +dty t
Note that if N(¢) = 1, we have that
dtq
Pr{T} edt1|N(t):1}:T, 0<t <t. (1.19)

and thus 71 is uniformly distributed in (0, t).
Note that Pr{T} >t} = Pr{N(t) = 0} = po(t) = e~ and it is called the "survival probabil-

"

ity
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(i) The mean and variance of the Poisson process are!

E[N(t)] = M (1.20)
Var[N(t)] = At '
In fact
BV = he ™ (A]f!)h - i e O
h=0 sy h= ooy (1.21)
_ i e M Z = = e MAteM = Xt
and

h

Z 126 (A" /\t Y Z
=e M)t [i r(it!)r +eM

= e Mat [ekt/\t + eM}

_ oMy lemzmxt()‘t) Y

r=0 r=0 r!
= MMt + 1),
(1.22)
hence
Var[N(t)] = (\)? + Xt — (A\t)? = Mt (1.23)
(iii) The covariance is for s < t
Cou[N(s), N(t)] = E[N(s)N(#)] — E[N(s)]E[N ()]
= E[N(s)(N(t) = N(s) + N(s))] — E[N(s)E[N (t)]]
= E[N?(s)] + E[N(s)(N(t) = N(s))] — E[N(s)|E[N (t)] (1.24)
= As + A%s% 4 AsA(t — 5) — AsAt
=As=A(sAt)
(iv) The first-passage time at level k is
T, =inf{s: N(s) = k} (1.25)
with distribution
—As ()‘S)k_l
Pr{Ty € ds} = Pr{N(s) =k —1,N(s,s+ds] =1} = - 1)')\ds
k( ' (1.26)
— )‘7 A k:—lds
I'(k)

!Often empirical counting data, viceversa, exhibit significant overdispersion (possibily, underdispersion), i.e. an
index of dispersion D = . > 1 (D < 1): in this case the fit to a parametric model is improved by the adoption of so
called overdispersed (underdispersed) distributions, i.e. distributions such that the variance exceeds (is lower than)
the mean.
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and

—)\s s)F! A X k1A
Pr{T} < oo} = -y Ads = = s e Mds

= using the change of variable w = As

A W g _dw 1 B . |
:(k—1)!/0 SV )\:(k:—l)!/o w e dw =Gtk

=1.

(1.27)

This means that the Poisson process reaches any level k in finite time.

(v) The Poisson process N(t) has stationary increments in the sense that the distribution of
N(t) — N(s), t > s > 0 depends only on (t — s)

Pr{N(t)— N(s) =k} = 6)\(,55))\’“(7&}16—‘3)"3 (1.28)
Proof.
Pr{N(t) =k} =e M (A]j!)
k
=Pr{N(t) = N(s) + N(s) =k} = > _Pr{N(t) - N(s) =k — h,N(s) = h}
. (1.29)
= (by independence of the increments) Z Pr{N(t) — N(s) =k — h}Pr{N(s) = h}
h=0
k
=) (t) = N(s) =k —h}
h=0

and the unique solution of the previous equation is (1.28). In fact

k h k—h k Y=t
S ()\}f‘) At—s) A k:(t hS)' oA a Zk h't_s

= (k= h) (1.30)

oy AF BeL

=e ’\tg[s—i—t—s]k =N I
(vi) The following property relates the Poisson process with the binomial distribution
k S\T s\ k—r

Pr{N(0,s] =r | N(0,t] =k} = ( (¥> (1 - E> 0<r<kO<s<t (131)

By taking into account the independence and the homogeneity of the increments of N(t)
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(property 5), we can write

Pr{N(0,s] =r, N(0,t] = k}

Pr{N(0,s] =r | N(0,t] =k} =

Pr{N(0,t] = k}
_ Pr{N(0,s] =r,N(s,t] =k —7r} Pr{N(0,s] =r}Pr{N(s,t] =k —r}
B Pr{N(0,] = k} B Pr{N(0,#] = k} (1.32)
- e—)\s%e—k(t—s) [A(fk_—sl])k'ir

From (1.32), result (1.31) immediately follows.

=& mbda=1
=0+ fambda=05
|*B lambda=(.1

15

g o
Z -
U
_ _———a
! r
T P
D_
T T T T T
0 i 10 15 2

Figure 1.1: Some homogeneous Poisson paths for A =1, A = 0.5 and A = 0.1.

(vii) By independence, the distribution of the sum of n independent Poisson r.v.’s is obtained by
the product of the p.g.f., which in the case of the Poisson distribution is Gp;(x)(u) = eMu—1),
Therefore given n Poisson r.v.’s X7, ..., X, with parameters A1, Ao, ..., Ay, the p.g.f. of the sum

Y=X1+Xo+..4+X,is

n n

Gy (u) = [[ G, (1) = [ ) = X M) = A (1.33)

i=1 =1
where A = Y"1 | ;.

The sum of n Poisson r..v.’s is Poisson with parameter A = Ay + Ao + ... + A, equal to the

sum of the single parameters.
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1.1.2 Alternative definitions of the Poisson process

An alternative, equivalent definition of the homogeneous Poisson process is the following

Definition 2

1*. Pr{N(0)=0} =1
25, Pr{N(t) = k} = e MO

3*. The process has stationary, independent increments.
It is equivalent to Definition 1 because:

Pr{N(t,t +dt] = 0} = Pr{N(t + dt) — N(t) = 0}

0
_ €_>\t()\g‘t) — e_)‘t =1-—M\dt + O(dt)

(Ad)! (1.34)
Pr{N(t,t+dt] =1} = e—WT = Adte
= Adt(1 — A\dt + o(dt)) = Adt + o(dt)
A third equivalent definition makes use of the concept of interarrival times.
Let Ty, be the time of the k-th event (T = 0). We define the n-th interarrival time 7, as
Tn =Tn —Th1 (135)
sothat 7y =T and Tp, = D> ), 7%
Definition 3.
1**. Pr{N(0)=0}=1
2**. The interarrival times 1, are i.i.d.
3**.  They have exponential distribution, i.e. Pr{r, <t} =1—e" Vn
Note the no-memory property of the exponential distribution.
Prir>t+4+s,7>st Pr{r>t+s} e+ It
P >1 > = = = = =P >ty
r{r >t+s|7>s} Prir > s} Prir > s} s € r{r >t}
(1.36)

Remark 1.4. Assuming a distribution different from the exponential we obtain a generalised

process called renewal process.

From Definition 3 we have Definition 1

Pri{N(t,t+dt] =1} = Pr{r <t+dt |7 >t}

= Pr{r <dt} =1—e M = \dt + o(dt)

Pr{N(t,t +dt] =0} = Pr{r >t +dt | 7 > t} = Pr{r > dt}
= e M =1 — \dt + o(dt)

(1.37)
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1.2 The weighted Poisson process of order i

The Poisson process of order i, N was introduced in 1984 and 1986 papers [5], [19].
The Poisson process of order i is also defined as a weighted sum of independent Poisson processes,
ie. ‘ S
] 7 (2 7
NO@) =Y iN;i(t) =D Nu(t). (1.38)
j=1 j=1 h=j
where the processes IV;(t) are i.i.d. Poisson processes, each weighted by j, and the process repre-

sents a flow of grouped events where arrivals are "grouped in packages".

The process (1.38) is also studied in [11].

Note that the processes are often assumed identically distributed, i.e. the arrival rate A is unique.
The process can represent situations of multiple claims arrival or collective risks, possibly with
heterogeneous (and decreasing) arrival rates A\; > Ay > ... > A;.

Its probability generating function derives from a representation (cf. [6]) of the process as a com-
pound Poisson process with discrete-Uniform compounding distribution, i.e. N (t) = X1+ Xo +
...+ Xn;,, (t), where N;)(t) is a Poisson process of rate i), and X}, are Uniform r.v.’s over the set of
the first ¢ integers.?

Hence, it is obtained as
G(z) (’LL, t) - [UN(i)(t)} —E [uzi\’i%(t) Xh:|

_E {E {uzﬁiﬁ“)m (t)” =E [E (u¥) "] (1.39)

o0 .
= ZE [uxh]h . e_i)\t(zj\fv)h _ oAt gixtEuX
h=0 :

_ o iM(1—dx (W)

wl—u'3
i 1—u °

where the p.g.f. of the discrete-Uniform is ¢ x (u) =
An explicit expression of the state probabilities can be found by the coefficients of the p.g.f. (cf.
[10] for its expression for k > i)

Py (t) = e

i . _ h ) (1.40)
pl)=e N (DO k=12,

One can note that the maximum number of events for a given i over an interval dt corresponds to

2Exploiting the discrete type distribution of the compound Poisson-discrete-Uniform representation, [10] provides
a Panjer-type recursion of the probability mass function:

) k=230
I () = FEM N1+ ENpr—i—2 k> i1

where, as above, p(()i)(t) =
3The p.g.f. of the discrete-Uniform r.v.’s X},, given that the probability mass function of the discrete-Uniform
distribution over the set of the first i integers is 1, is obtained as E[u™*] = >, u*i =12 1w’

i i 1—u "
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the sum of the first ¢ integers, i.e. the maximal jump size is i(Z;H), which can be substantially larger
than 1.

Its mean and variance (cf. Fig. 1.2 and Fig. 1.3 resp.) follow the expression for the sum of the first

7 integers, namely

EINO ()] = e, =150

(é) i .9 i(i1)(2i+1) (1.41)
VIN®(t)] = At 23:1] =0 At

=& lambda =1
=0~ lambda=05
-+@« lambda=01

50

40

E{MN, )

20

10

Figure 1.2: Mean of the weighted Poisson process w.r.t. the process index i (¢t = 1).

The process is overdispersed, that is the ratio of variance over the mean, also known as Fisher index
is greater than one, i.e. FI =1+ %(z — 1) > 1, which in turn increases with the order i of the
process.

A second representation is described in [6], where the process is represented as a pure-birth repre-

sentation of the weighted Poisson process, where

Pr{N®(t 4 dt) = h + k[N (t) = h} = Adt + o(dt) k=1,2,...,4i (multiple jumps)

. 4 (1.42)
Pr{NO(t+dt) =h+kNOt)=h}=1—iXdt +o(dt) i=0
and implicitly, for jumps of amplitude greater than i, Pr{N®(dt) > i + 1} ~ o(dt).
Alternatively, a more compact notation is (see [11])
Pr{dNO(t)=h}=Xdt 1<h<i
(1.43)

Pr{dN®(t) = 0} = 1 —i\dt

10
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<00

=& [ambda =1
_-ﬂ- lambda = (.5
@+ [ambda=01

200

WG Y
Z00
1

100
1

Figure 1.3: Variance of the weighted Poisson process w.r.t. the process index i (¢t = 1).

1.3 Skellam process: the difference between two Poisson processes

The process obtained as the difference of two Poisson processes was studied first in 1946, by Skellam.
It is defined as S(t) = Ni(t) — Na(t), where Ny(t), Na(t) are independent Poisson processes, t > 0,
with rates A\; > 0, A2 > 0, and take integer values (i.e., both positive or negative). Jumps have
unitary size (for a Skellam process with multiple, "simultaneous" jumps of arbitrary size).

The probability mass function of S(¢) turns out to be of the form

pr(t) = Pr{S(t) = k} = e-(itro)t (il ) L2V A at), k€Z={0,+1,42,43,..}  (1.44)

z\2n+k
where Ij;(z) is the modified Bessel function of the first kind, defined as Iy(z) = Y oo, %

(cf. Fig. 1.4) .Of course, if \; = A2 = A the distribution {pg,k > 0} is symmetric and reads
pr(t) = e 221, (2At); positive (negative) skewness corresponds to respectively A1 > Ag (A1 < Ag).

The mean, variance, covariance and p.g.f. of the distribution are respectively

E[S(#)] = (M — )t
Var[S(t)] = (A1 + A2)t,
Couv(S(t),S(s)) = (A1 + A2) min(s, t),

Gs(u) = G, () (W)Gn, (1)

(1.45)

Note that the process is oversdispersed.

Theorem 1.4: By the linearity of the differential operator, the state transition law is governed

11



1.3. SKELLAM PROCESS: THE DIFFERENCE BETWEEN TWO POISSON PROCESSES

03

02

P

A0 0 10

Figure 1.4: Probability mass functions of the Skellam process with symmetry (A\; = Ao = 1) w.rt. (¢ =1).

by the differential equation

4
ar Pk
with initial conditions p(0) = 1, px(0) = 0.

(t) = —(Mpe(t) — Mpr—1(t)) + (A2pr11(t) — Aapi(t)) (1.46)

Proof. During an infinitesimal interval of time of length dt the state probability py(t) satisfies

the following relationship, i.e.

Pr{S(t+dt) = k} = pp(t + dt)
= pr(t)(1 — Apdt) (1 — Aadt) + pe_1(H)A1dt(1 — Xadt) + pry1 (8)(1 — Apdt) Modt (1.47)
= pr(t) — pr()A1dt — pr(t)Aadt + pr—1(t)M1dt + prr1(t) Aadt

and after rearranging terms and taking the limit for dt — 0 the equation

%pk(t) = —pr(t) (A1 + A2) + Aipe—1(t) + Xoprya(t) (1.48)

is obtained.

The sample paths of the Skellam process have unitary upwards and downwards jumps: as such
the Skellam distribution is suited for modelling data representing differences (e.g., soccer scorings)
or increments (e.g., up and down price movements). An actuarial example is the application to
experience (bonus-malus) rating in motor-vehicle insurance.

The moment generating function of the Skellam process reads as (see [4])

M (u;t) = E[e*S] = e~ (et~ HAz(e 1))t lu| <1 (1.49)

12
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Wi = Ag. See paragraph 4.

Remark 1.5. The Skellam process is a special case of a birth-death process with Ay = A; and

1.4 The non-homogeneous Poisson process

A generalisation of the Poisson process can be obtained by assuming that the rate function A = (%)
depends on time t (cf. Fig. 1.5).
In this situation the definition of an homogeneous Poisson process can be rewritten as:

1. Pr{N(0) =0} = 1;
2. Pr{N(t,t+dt] = 1} = A(t)dt + o(dt), where A(£) > 0, t > 0;
3. Pr{N(t,t +dt] = 0} = 1 — A(t)dt + o(dt);

4. Pr{N(t,t+dt] > 1} = o(dt);

5. If 0 =ty < t; < ... < t, < t, the random variables N(t;) — N(tj—1), 1 < j < n, are

independent,

so that equation (1.1) must be replaced by:

d
%Pk(t) = —A(t)pr(t) + A(t)pr-1(t), k>0, (1.50)
with the initial conditions
1 k=0
pr(0) = (1.51)
0 k>0

and p_,(t) = 0.
The probability generating function G(u,t), |u| < 1, ¢ > 0, emerges by solving the following partial

MNCEY

Figure 1.5: A typical sample path of the non-homogeneous Poisson path with non-linear (decreasing and

logistic) intensity (i.e., A(t) = %, where C, ny and r are respectively the maximum point or capacity

of the system, the minimum point and the growth rate of a logistic growth).
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1.5. COMPOUND POISSON PROCESSES

differential equation:

0
5G(,1) = M) (- 1)G(u,0) )
G(u,0) = 1.
From (1.52) it is clear that
k
00 ft A(s)ds
G(u,t) = e~ (1-u) Jo Ms)ds e Jo As)ds Zuk[ 0 i } ) (1.53)
k=0
so that the probability distribution of the non-homogeneous Poisson process becomes
k
t
A(s)ds
pk(t) — e fot A(s)ds [fo ( ) } k> 0. (154)

k! ’
1.5 Compound Poisson processes

Let N(t) be the number of claims generated by an insurance policy in a fixed time interval [0, ¢]
and let X;, j > 1, be i.i.d. r.v.’s and also independent from the random number N (¢). If X is the
claim amount related to the j-th accident, the total amount of claims generated by this policy, in

the given fixed time period [0, ¢], is:
Z(t)=> X;. (1.55)
Theorem 1.5: The mean and variance of Z(t) are:

E[Z(#)] = E[N()]EX)
Var[Z(t)] = E[X]?Var[N(t)] + E[N(¢)]Var(X) = Var[N(¢)][E?(X) + Var(X)] = Var[N(t)](E[Xj].
1.56

Proof. For the mean
N
E[Z(t)] = E[E[Z(t) | N())) = E[E[Y_ X; | N(t)]] = EIN(E[X | N(®)]] = EIN(MJE[X]  (1.57)
j=1
For the variance we use the following
Lemma 1: For arbitrary r.v.’s X, Y the following decomposition holds,
Var[Z] = Ey[Var[Z | Y]] + Vary[E[Z | Y]]. (1.58)
Proof Lemma 1.

Var(Z] = E[(Z - E[Z])* = E[(Z - E[Z | Y] + E[Z | Y] - E[Z])?]

=Ey[E[(Z -E[Z | Y])> + (E[Z | Y] - E[Z])* | Y] + 2By [E[(Z — E[Z | Y])(E[Z | Y] - E[Z])( YH)
1.59

but the second component is zero being

2E[Z | Y] - E[2))-E[Z - E[Z | Y]| Y] =0. (1.60)

14



1.5. COMPOUND POISSON PROCESSES

Moreover

Ey[E[(Z —E[Z | Y])? | Y]] = Ey[Var[Z | Y]] (1.61)

and

Ey([E[E[Z | Y] - E[Z]]” | Y] = E[E[Z | Y] - E[Z]]* = Vary[E[Z | Y]] (1.62)

so that Var[Z] = Vary[E[Z | Y]] + Ey [Var|[Z | Y]].
The variance is decomposed in the variance of the conditional mean plus the mean of the conditional
variance.

Applying Lemma 1 to the Theorem 1.5

Var[Z(t)] = Varn[E[Z(t) | N(®)]] + Ex[Var[Z(t) | N(1)]] (1.63)
so that
Varn[E[Z(t) | N(8)] = Vary[N(H)E[X]] = E[X]*Var[N(t)], (1.64)
En[Var[Z(t) | N(t)]] = EN[N(t)Var[X]] = E[N(t)]Var[X].
We used the property of the conditional expectation Ey[E[Z | Y]] = E[Z].
In particular, if Z = 14 is the indicator function of event A,
Ey[Pr{A|Y}] = Pr{A} = E[Z] O (1.65)

If N(t) is Poisson and the X; are non-negative i.i.d. r.v.’s with probability distribution function F

we have that the probability generating function of the compound Poisson process is:

E [uz@)} — o MANE[N] N [0 (1—u")dF (2) (1.66)
In fact if the r.v.’s X; are i.i.d. Poisson r.v.’s, then

8 [u70] < 2 153 5] < g [ [ S0 - o [p 1))

k!

_ ef)\t{lffooo u*dF(z)} _ ef)\tfooo(lfuz)dF(x).

ZE [ux]k pu(t) = ZE [ux]k _ e—At(/\t)k — o MAELX] _ A [ utdF () (1.67)
k=0 k=0

and the result obtains. [J

represents the Poisson sum of Poisson processes.

Remark 1.6. If X; = N;(t) the process Zjvz(? N;j(t) is called compound Poisson-Poisson. It

15



1.5. COMPOUND POISSON PROCESSES

Remark 1.7. For a portfolio of @ policies the total aggregate claim is Z(t) = ZQ}Q:1 Z;V:q&t) Xg.js

where the X, ;’s are i.i.d. Hence mean, variance and p.g.f. are given respectively as

E[Z(1)] = 224 E[Ng(D]E[X],
Var[Z(t)] = Zq Var[Ny(t)] - []Ez(Xq) + Var(Xq)],
E [uzq Zq(t)} — ot ATt ABuN e 3 Ag(I-EuXa) _ 130 Ag [T (1-u?)dFy(x)

If to each Poisson event (a car accident) we associate a r.v. X (the amount of the damage) it is of

interest to calculate the following probability:
Pr{max (X1,..., Xy¢)) < b} (1.68)
which represents the maximal damage produced by the N(t) events in the interval (0, ).

Note that for N(t) = 0 we assume that max (Xl, . ,XN(t)) =0.
The probability (1.68) can be calculated as

Pr {max (Xl,.. . 7XN(t)) < b} =E [PI‘ {max (Xl,. . '7XN(t)) <b ’ N(t)}]

= EPr{max(Xl, ooy Xi) < b}Pr{N(t) = k}
k=0

- (1.69)
K —xe (A"
= Z[Pr(X < b)]%e o
k=0
— o~ MFMPr{X<b}
Note that the distribution function of the random variable max (X 1yeeey X N(t)) reads
0 b<0
Pr{max (X1,..., Xyq)) <b} = e M b= (1.70)
6—)\t+)\tPr(X<b) b>0
and shows a jump of height e at b = 0.
In the special case when X is exponentially distributed, that is
b
Pr(X <b) = ,u/ e Mdy =1—e M, (1.71)
0
for b > 0, the probability distribution (1.70) becomes
0 b<0
Pr{max (X1,...,Xyq) <b} = e M =0 (1.72)

e MR p S

and is known as the Gumbel or Gnedenko distribution.
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1.6. POISSON RANDOM FIELDS

If we consider the special compound Poisson process

N(5—)
ZX 0<a<1,6>0 (1.73)

where the X; are positive i.i.d. r.v.’s with distribution

<
Pr(X >zx)= { 5 ! v g (1.74)

and N(67%) is a Poisson r.v. with parameter A\ = 6~¢, § > 0, we have that, for § — 0, (1.73) con-
verges in distribution to an a-Stable subordinator S, (o, 1,0) of order 0 < o < 1 with characteristic

function

E [eieSa(U’l’O)} = 101" (1 —isgn(0)tg <ga)> (1.75)

where 0 = {I'(1 — a) cos (§ )}a
See the Appendix A for the general expression of the characteristic function of an a-Stable r.v.

Sa(p, B,0), when p#0, —1 < g < 1.

1.6 Poisson random fields

Points randomly distributed in the Euclidean space R™ can be modelled by means of a multi-index
Poisson process, called Poisson field.

The basic property of the Poisson random fields (cf. Fig. 1.8) is represented by the independency of
the random variables N (S4) and N(Sp) for arbitrary disjoint sets S4 and Sp such that S4NSp = 0.
We have that for the Poisson random field of rate A > 0 we have that

Pr{N(S) = k} = W(WS) k>0 (1.76)

where p(S) is the volume of the set S C R™ and N : B" — NU{0} when B" is the Borel class over R"™.

Remark 1.8. The volume of a sphere S of radius r in R" is
u(SE) = [ Area(Sp)dr,
where

n
T2

27r — 2 71'ﬂ
Jy Area(Sp)pndp = [§ FdpnNdp = B [ g Ndp = FEb T = e

17



Remark 1.8 (cont.). For n = 3,

1.6. POISSON RANDOM FIELDS

u(S3) =

3
w273

3

_ 4m2r3

r(z+1) 3
1=T(2) =

where, according to the properties of the Gamma function, i.e. I'(z + 1) = 2! = 2I'(2), I'(
I'(1) = 0!, I'(—2) = oo Vz positive integer

%) = ﬁv
DG+ 1) = 30) = 3G +1) = 30 = 37
Moreover
_ 27rﬁ
Area(S7) = F(%Q)
where
_ 2r3 n—1
5=
A proof can be obtained from

22

_1 _
f...fRn%me

Ko

2 J—
— dry...dx, =1
which is a multinormal distribution with independent marginals.

The above integral can be evaluated by means of hyperspheric coordinates as
so that

Area(ST) = (2m)?
being I'(a) = [ 2% e

~*dx with the change of variable z =

7,.2
For the distribution of the nearest neighbour in the Poisson random field we have that

Pr{the nearest neighbour to a fixed point with center at x is outside the sphere S, of radius r}
For example, in R? and R? we have that

= Pr{N(S,) = 0} = e (5,

Pr{N(S,) =0} =

(1.77)
e in R2 (1.78)
e=3 M in R3 '
For the planar case R?, the density related to (1.78) reads
fr)=2\mre™™™ r>0 (1.79)
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1.7. THE INTEGRAL OF AN HOMOGENEOUS POISSON PROCESS

which therefore is a Rayleigh distribution. In R™ we have

n
Pr{N (S UL 1
r{N(S;) =0} =exp | — ek (1.80)
2
+ — ~ - r ¥ e e ra .o"t
.
. . = ' . ey & .
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Figure 1.6: A general sample path of a Poisson random field.

1.7 The integral of an homogeneous Poisson process

In this section we study the integral of an homogeneous Poisson process (see [15]):

N(t) = /0 N(s)ds = 3 (T; = Ty 1)(j — 1) +n(t — T) (1.81)

j=2
where, as in (1.18),

nldty - - - dt,

o , with 0 <ty <ty <--- <t, <t (1.82)

PI‘{Tl edty,--- ,TnEdtn‘N(t):n}:

Remark 1.9. The T; — T;_;1 are distributed as the difference between order statistics from
Uniform[0, 7] r.v.’s (see [6], cf. also [7]). As an exzample, the distribution of the difference of
order statistics is of interest in statistical seismology, in which case the difference of order statistics

of magnitudes following a Gutenberg-Richter (i.e., exponential) law is (again) exponential.

It is possible to show that the conditional characteristic function of N (t) reads

E (eiﬂN <t>(/\/(t) = n) = W (1.83)
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1.7. THE INTEGRAL OF AN HOMOGENEOUS POISSON PROCESS

while the unconditional characteristic function is
E (eiﬁN(t)> = Mol —1)ds (1.84)

because

E{eiﬁN(t)}:E[ewﬁN( } nZoE[MO ()ds | N (¢) = ] Pr{N(t) = n}

- ’Bt—l VIO v PYCLEES N .
Z () _exz[ ] (1.85)

nl —  (if)"n!

& t
At oM fp €P0ds _ X\ [5 (P =1)d

=e e ¥

For small values of ¢ the following approximation holds:

E (ezﬂj\/(t)) _ M AB2 L to(t) (1.86)
This implies that, for small value of ¢, the area below an homogeneous Poisson process is distributed
as a normal with mean E[N(t)] = >‘§2 and variance Var[N(t)] = )‘gﬁ, since the c.f. of a Normal
, , o2
distribution N(u,0?) is E {e‘zﬁN(“"’Q)} = Bn=P%
Moreover
(i) the relationship
. Lo k=1
ES [ N¥(s)ds|N(t) =np = k=g nentlt g g 1.87
{/0 (s)ds|N(t) n} n+1jz::1J o (1.87)
—7z k=3
holds, where we applied the following formulas
Sy o= e
S = dethenetl) (1.88)
n .3 _ n(n+1) 2 _ no2\? .
Z]‘:L? = 2 = Zj:1] ;
(ii) by conditioning out (1.87) we easily have the unconditional values
A k=1
t 2
243 2
E {/0 N(s)kds} = AL 42 =2 (1.89)

)\3t4 + )\2t3 )\t2 k=23

For the second order moment of (1.81) we have the following results

E{(J° N(s)ds)’|N(t) =n} = "EfDt 1.90
Var { (2 N(s)ds)*|N() =n| = 2 (1.90)
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1.8. ITERATED POISSON: COMPOSITION OF TWO INDEPENDENT POISSON
PROCESSES

as stated in [15]. From (1.89) we extract the variance of the integral of the Poisson process

Var <f0t N(s)ds) = (Var [y N(s)ds|N(t )) + Var (IE Jy N (s)ds|N(t )) )‘Tta (1.91)

1.8 Iterated Poisson: composition of two independent Poisson pro-

cesses

We now study the composition of two independent Poisson processes IV, and Ng of rates A\, and

Ag (for details see [13]). The process (iterated Poisson)
M(t) = No (N3(0) (1.92)

is a Poisson process sampled at the random time Ng(t). Thus M(t) can be regarded as a time
changed Poisson process and is a process with jumps of integer-valued random size.
The following relationship between the iterated Poisson M(¢) and a special compound Poisson

process (compound Poisson-Poisson) holds:

Na(t)

NEDIPY (1.93)
j=1

where the N; are i.i.d. Poisson distributed random variables with parameter .

Theorem 1.6: The iterated process M(t) has distribution:

k
Pr {M( ) — k} — )\O‘ _/\6'5( e ) By, <€_>\Q)\gt> (1 94)

Bell polynomials

)
—x rkzr

where the Bell polynomials* are defined as By(z) = e

Proof. In fact

Pr{M(t) = k} = E[Pr{N4(N5s(t)) = k | N5(t) Z Pr{N,(h) = k}Pr{Ng(t) = h}
Jomt distribution
o k k ©0 a
_ Ze—xah(/\ah —)\ﬁt(ABt) S RAE P hhk(/\ﬁt) _ o Aata th )‘Bt
! h! k! h! k!
h=0 h=0
DL Y a)\ t A\E Y
—Apt N jemagt —emAaNgt g ( B — Da Agt(l-ere) —Aa
=e 11 € Z h =7 Byi(em " Agt)
Bell polynomials By (e~ \gt)
(1.95)
4They are also known as Touchard polynomials or exponential Bell polynomials. They represent the moments of
the Poisson distribution, i.e. Bx(A) = > oo nk e A, , where )\ is the intensity of the Poisson r.v. In R one can

refer to the function eBellPol of the package kStatistics.
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1.8. ITERATED POISSON: COMPOSITION OF TWO INDEPENDENT POISSON
PROCESSES

Note further that this iterated Poisson process can count the total number of claims arising from
a Poisson number of cars Ng having each a Poisson number of accidents N;. It can be also noted
that we can define a compound Poisson-Binomial model, Z;-V:Bl(t) Bj(p) counting the total number
of fatal crashes arising from a Poisson number of accidents Ng, where a Bernoulli variable B;(p)
takes value 1 if the accident is fatal and zero if not.

Theorem 1.7: The mean and variance of M(t) are

EM(@®)] = Aadst (1.96)
VarM(t)] = Aa(ha + DAgt > E[M(2)] '
Proof. From the definition
E[M(t)] = E[Na(N5(t))] = Eny[E[Na(Np(t)) | No(£)]] = E[AaN3(t)] = AaAst (1.97)
= Var[M(t)] = EIM?(1)] — B2 (M (t)]
and
E[M®(1)] = E [N2(N5(1))]
= En, [E[NZ(Ns(1)) | Na(1)]]
s > — t(/\ﬁt)
)| Pr{Ns(t) = h} =) [A2h? + Aoh] e
Z:: g hzo (1.98)
~ 32 th “Agt ()\ZT Y Zhe—xﬁt Aﬁt
=\2 [/\ﬁtQ + Agt] 4+ AaAgt
and
Var[M(t)] = NGt + NoAgt + AaAgt — AoAGE? (1.99)
= Aadgt(ha + 1) '
O

It is interesting to note that the iterated Poisson process is overdispersed having the variance greater
than the mean.
For the iterated Poisson process the distribution of the first passage time through a level k, which

is defined as

T = inf{s > 0: M(t) = Na(Na(t)) =k}, k>1 (1.100)

is of great interest. In [10] the authors derive the distribution of the hitting time T}, as follows:

Pr{T\*") e ds}

LA 1 (Ags) (1.101)
—e )‘aﬁ)\ge Ag dszg )\O‘j[(j+1) ] j! , s§>0.
J

The distribution of T} reads (cf. Fig. 1.7)

Pr(Ty € ds) = dshge e /\ﬁs)‘, >0 eI [(j+ 1)k — 5] (ABS) s> 0. (1.102)
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PROCESSES
For the hitting probabilities Pr (T}, < co) we have that
Pr(Ti <oo) = e Y% e b [(j+ 1)k - j¥] <1 Vk (1.103)
and, in particular,
Pr(Ty <oco) = 2ee3* <1, (1.104)

It means that there is a positive probability of never reaching level k for the iterated Poisson process.

06

Pr(T,<o=)

k

Figure 1.7: Iterated Poisson process: Probability mass function of the hitting time at time ¢ = 1 against

various levels k of upcrossing and A, = Ag = 1.
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Chapter 2

Birth processes

2.1 The nonlinear case

In order to describe the population dynamics, an effective model based on the assumption that the
probability of new offsprings depends on the current size of the population, is now presented. We
assume also, for the sake of simplicity, that at time ¢ = 0 there is only one progenitor.

Let N(t), t > 0, be the size population at time ¢; its probabilistic evolution is governed by the
following rules (k > 1) :

1. Pr{N(0) = 1}=1;

2. Pr{N(t,t +dt] =1 | N(t) = k} = \pdt + o(dt);

3. Pr{N(t,t +dt] =0 | N(t) = k} = 1 — \gdt + o(dt);
4. Pr{N(t,t +dt] > 1| N(t) = k} = o(dt),

where A\, > 0 are the time-independent birth-rates.

Remark 2.1 A more general birth process is obtained by assuming that the birth rates are time
dependent, i.e. A\ = Ap(t).

Remark 2.2 Note that if Ay = \ Vk the increments are independent and the process is a homoge-
neous Poisson process. Note also that this birth process cannot model the population dynamics of

male/female type, because here there is essentially a single "sex" generating by parthenogenesis.

Note that the independence of increments, in this case, is no longer holding (cf. Fig. 2.1).

The state probabilities are:
pe(t) = Pri{N(t) =k | N(0) =1}, (2.1)

satisfy the difference-differential equation

d
%pk(t) = —Nepi(t) + Me—1pr—1()) >0 (2.2)
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2.1. THE NONLINEAR CASE

with initial conditions

The solution of (2.2)-(2.3) is carried out by means of a recursive procedure.
If £k =1, the solution of

Ep1(t) = =Aipi(t),

(2.4)
Y4 (O) =1,
is p1(t) = e~ Mt
To obtain py(t), it is necessary to solve the non-homogeneous linear equation
d -1t
Lpo(t) = —A t) + Ae MY
dtpz( ) 2p2( ) 1 (2.5)
p2(0) =0,
that provides
Aot t A A Aot 6(}\2—/\1)8 s=t e—)\lt 6_/\2t
t)=e "? e M%eM8 b = Nem 2 | —— = A . 2.6
pa(t) =e {/0 1€ e } 1€ | 1{/\2_/\1+)\1_)\2 (2.6)

In order to understand how the distribution py(t) emerges, we consider the case k = 3 that is

A\t e—Xat ]
)

Lps(t) = —Asps(t) + A2\ [ﬁ + £
p3(0) = 0.

(2.7)

By proceeding as for (2.5) we have that

pg(t) = €_>‘3t |:/t )\2)\1 ( 67/\13 + €7>\23 > e>‘35d5:|
0 A2— A1 A — A2

e(As—A1)t _ 1 N e(As—X2)t _ 1
(A3 = A)(A2 = A1) (A1 = A2)(As — A2)

= 6_)\3t)\1)\2 [

e*/\lt efx\gt 67)\3t 1 1
= A2 [ + - < - )] (2.8)
Az =A)A2—=A1) (M —=A2)(A3—A2)  de— A\ A=A Az3— A
[ e~ it N e~ Azt N e st }
Az —=A)A2—=A1) (M —=A2)(A3—A2) (A1 —A3) (A2 — A3)

2 3 G_Amt
H !Z H?:l,l;ém()‘l - )\m)]

m=1
Formula (2.8) suggests that the general expression for the probabilities py(t) has the form

k—1 k —Amt
1A =, k>1
Hj_l J Zm_l Hf:1,l¢m(/\l*/\m)7 ’

e~ Mt k=1.

pr(t) = (2.9)
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2.1. THE NONLINEAR CASE

Proceeding by induction, we must solve the following Cauchy problem

e—Amt

—AePk(t) + A1 H YD m k>1,

Loi(t) =

pr(0) = 0.

(2.10)

The solution to (2.10) is obtained by applying the formula for the solution of first-order linear

non-homogeneous equations' which yields:

tk 1 - ef)\ms
palt) = e / s
Hl Ligtm (AL = Am)
= - ee—Am)t _ 1
S
e
A= Am) (A — A
k-1 k-1 - k—1
e m 1
= )\j — e MWt
]H1 mz::l Tt N = Am) o T iz O = Am)
k=1 [ k o—Amt
=11 | 2 = ,
j=1 Lm=1 Hl:l,l;ﬁm()‘l - )\m)
since? .
— 1 1
- . - — (2.12)
m=1 Hl:l,l;ém(/\l — Am) Hl:l,l;ﬁk()‘l — Ak)
In order to retrieve p3(t) of formula (2.8) set k = 3 in (2.9).
Equation (2.2) can also be solved by applying the Laplace transform
| e o = (2o} (), (213)
0
which provides the relationship (from (2.10))
k—1 k
{Lpr} () = (2.14)

By evaluating the Laplace transform of (2.9) and by comparing the result obtained with (2.14) we
have that

k

1
=

)\J Tnzzjl Hf:l,l#m()\l -

u 1 1

) o+ Am

(2.15)

Remark 2.31f Y ﬁ = oo then Pr{N(t) < oo} = 1, so that the size population cannot explode

in a finite time. This means that the birth rates must increase slowly so that the sequence 1/\,,

m > 1, forms a divergent series.

1It is trivial to note that the terms correspond to the form y'(t) + a(t) = b(t), where, for all k > 1, a(t) = Ay, and

e

)\ Zm 1 HL 1,l#m (>\I )\m)
2The result obtalns after application of the Laplace expansion for determinants.
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2.1. THE NONLINEAR CASE

Theorem 2.1: The time between the k-th and (k 4 1)-th birth has distribution
Pr{T}, € ds} = \ye *ds, s> 0. (2.16)
Let Zy, =11 + - - - + T} the waiting time for k-th birth. We have the following relation:
t
Pr{T\ +---+T, € dt} = / Pr{T\ + -+ T—1 € ds}Pr{T} € d(t — s)}, (2.17)
0

where

Pr{T} + - + Ty € ds}/ds = %Pr{]\/(s) > k). (2.18)

Consider that N includes also the progenitor3.
By applying the Laplace transform to both members of (2.17), we have that

/ e MPHT) + -+ Tj, € dt}

0
e8] t

= / e_“tdt/ Pr{Ty € d(t — s)}Pr{Ty + - -+ Tp_1 € ds}
OOO 0 -

= / Pr{T\ +---+Tj_1 € ds}/ e MPr{T}, € d(t — s)} (2.19)
0 s ’

o0 o0
= / e "Pr{Ih + -+ Tp_1 € ds}/ e MPr{T} € dy}
0 0

I

J=1 J=1

k

e MPr{T; € ds} = ]
/0 1 € ds} HM+)‘j

Each factor in (2.19) is the Laplace transform of (2.11).

Furthermore
Pr{T\ < s} = Pr{N(s) > 2} (2.20)
and taking the derivative
Pr{Ty €ds} d d d A -
il St S Al >92= —(1— =1Y)= —(1— 18) — 18 2.21
7 dSPr{N(s) > 2} d8(1 Pr{N(s) =1}) ds(l e M%) = \e (2.21)
and
Pr{Ty +T5 < s} =Pr{N(s) >3} =1—Pr{N(s) =1} — Pr{N(s) =2} (2.22)

and deriving:

Pr{T) + T, € ds}/ds = di;{l —Pr{N(s) =1} = Pr{N(s) = 2}}
e—)\ls

—A2s
= Ae M54 [/\1 T ] (2.23)

A2 — A1 AL — A2

_ )‘1)‘2 —A18 7)\25>
DYDY (e ¢ '

3i.e., k includes one progenitor and k — 1 offsprings.
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2.2. LINEAR CASE (YULE-FURRY)

Note that (2.19), for k£ = 2, becomes

Ao
M+ )Xo +p)’

/ e_“tPr{Tl + Ty € dt} = (2.24)
0

and corresponds to the Laplace transform of (2.23).

R A O A G g e S e

B e BT P e T M1}=3
.

A — | M2)=5

i . [ =

Figure 2.1: A general sample path of a birth processes.

2.2 Linear case (Yule-Furry)

In this section we denote with N (t), t > 0, the size of the population at time ¢ of a linear birth
process (called also Yule-Furry process). In this case the birth rates become Ay = Ak, con A > 0.

The distribution (2.9) becomes relatively simple. By observing that

. (2.25)
=N (1-m2-m)...(m—=1—m)(m+1—m)...(k—m)]

= X)L (m — DIk —m)!

28



2.2. LINEAR CASE (YULE-FURRY)

formula (2.9) can be rewritten as

6—/\mt

k
pult) =N HE =D S g Y
m=1

- —Amt m— k—1)! k-1 \t(m m E—1)
— 2216 Amt(—1) 1<m —(1)!(k)— i = z:oe N(m+1) (1) m!(li_m)_ 5 (2.26)
k—1
= e—At Z (k,’; 1) (_1)me—)\tm _ 6_)‘t (1 B 6—)\15)’671 7 el
m=0

which is a geometric distribution (cf. Fig. 2.2).

r.v.’s):

pk(t) _ (kk:nlo)e—)\tno(l _ e—At)k—no’ k> no,

(cf. Fig. 2.3 and Fig. 2.4).

Remark 2.4 Note that if the progenitors are ng > 1 the random number N (t) of components of

the population becomes a Negative Binomial distribution (the sum of ng independent Geometric

03

02

P

0l

Figure 2.2: State probabilities {py(t), & > 1} of a pure birth process (linear case), with one progenitor
(np=1and A=1;¢t=1.

The probabilities (2.26) can be obtained directly by solving the following equations, recursively

2pPr(t) = —Akpi(t) + Alk = 1)pi-1(t) (2.27)
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2.2. LINEAR CASE (YULE-FURRY)

- IIT??Q....

Figure 2.3: State probabilities {px(t), kK > 1} of a pure birth process (linear case), for no = 2 progenitors
(Negative Binomial) and A =1; ¢t = 1.

008

104

P

002

u.uu ..oTﬂ Hmhm

ll il Kl 4 il

Figure 2.4: State probabilities {px(t), & > 1} of a pure birth process (linear case), ng = 10 progenitors
(Negative Binomial) and A = 1; ¢t = 1.

with initial conditions

pr(0) = (2.28)
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2.2. LINEAR CASE (YULE-FURRY)

By using the probability generating function
oo
Gu,t) =Y upp(t), |ul <1 (2.29)
k=1

we can pass from (2.27) to the following partial differential equation

o o
5, G ) = Au(u — 1) - G(u, 1) (2.30)

with initial condition G(u,0) = wu.

The general solution of (2.30) is

Glu,t) = f (e—”“) (2.31)

1—u

where f € C! is a differentiable function. The initial condition permits us to obtain the explicit

form of f because

G(u,0) = u = f< u ) (2.32)

1—u

and by setting ;- = v we see that f(v) = 7. From (2.31) we then have that

1+v-°
G(u,t) o ne ™
u = =
’ 14+ e 1—u(l—e M)
e k
— ue M Zuk (1 _ 6—>\t> (2.33)
k=0

k—1
uk e (1 _ ef,\t)

e

e
Il

1

and this confirms (2.26).
From the probability generating function, by means of straightforward calculation, we can obtain
that

E[N(t)] = e
. (2.34)
Var[N(t)] = e (e)‘t — 1) .
Thus a linear birth process has mean and variance increasing exponentially and since
— 1
D 3p = (2.35)

k=1

Pr{N(t) < co} =1 for t > 0, that is the Yule-Furry process does not explode.
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Chapter 3

Death processes

3.1 The nonlinear case

We consider a population with ng elements at time ¢t = 0. Let M(t) be the number of elements of
the population at time ¢ > 0 and we denote by M(t,t + dt] the r.v. representing the decrease of
the population in the time interval (¢, ¢ + dt].

We suppose that the population can only decrease according to the following probabilistic rules
1. Pr{M(t) =no} = 1;
2. Pr{M(t,t +dt] = =1 | M(t) = k} = pgdt + o(dt), pur > 0;
3. Pr{M(t,t +dt] =0 | M(t) = k} = 1 — pdt + o(dt);
4. Pr{M(t,t +dt] < =1 | M(t) = k} = o(dt),

The last property excludes simultaneous deaths.
The distribution
pi(t) = Pr{M(t) = k | M(0) = no} (3.1)

is obtained by the solving the following difference-differential equations

Lpi(t) = —pepr(t) + prer1pre1 (), 1<k < ng,

%pno (t) = —ingPno (1), k = no, (3.2)

%po(t) = pip1(t), k=0.
The equations (3.2) are obtained by considering that the probability that at time ¢ + dt there are
k survivors is the probability that at time ¢ either there are k survivors and in (¢, ¢ + dt] no death
is recorded or there are k + 1 survivors and one of them disappears during the same time interval,
ie.

Pt + dt) = pr(t) (L = padt) + proa () pisrdt + ofdt). (3.3)

The second of equations (3.2) comes from

Png (t + dt) = Pno (t)(l - ,Unodt) + O(dt) (3'4)
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3.1. THE NONLINEAR CASE

and the last of equations (3.2) comes from
po(t + dt) = p()(t) + (t),uldt + O(dt). (3.5)

A relevant feature for the death process is the extinction probability po(¢). Note that the second
and third of equations (3.2) are obtained from the first one for k = ng and k = 0, respectively.
The second equation of (3.2) comes from the first one with p,,+1 = 0 because the population cannot
increase in a pure death process.

Theorem 3.1: The probability distribution emerging from (3.2), has the form

67“"02 k = no,

—pmt
pr(0) = T2 i e Gy 1S k<m0 (3.6)

=3 HZO:L}L;Am(uh!iZm)e_“mt, k=0.

Proof. The first result is straightforward. As far as the second probability of (3.6) is concerned

we restrict ourselves to some specific cases. Equation (3.2), for k = ng — 1 becomes

d
&pm*l(t) =
= —Hng—1Pro—1 () + HngPno (1) (3.7)
= _:U'no—lpno_l(t) + ,Unoe_unota
and its solution is
pno—l(t) =

t
— e—t,uno—l {/ Mnoe—sunOesuno—l —i—COSt}
0

1— ei(iunof,u"nofl)t (3-8)

_ —tpng—1

= Upy€ 0
"o { Hnyg — Hng—1 }

e_tﬂno —1 eft/lno :|
)

Hng — Hng—1 Hng—1 — Hng

= Hng [
and is equal to (3.6) for k = ny — 1.
The recursion method permits us to write

d
— Png—2 (t) = _/ﬁn072pn072(t) + Hng—1Hng

(3.9)

e_tu‘nofl eft)uno
dt ’

+
Hng — Hng—1  Hno—1 — Hng

with initial condition py,—2(0) = 0.
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3.2. THE LINEAR CASE

The solution of (3.9) reads

t t efs'ufno—l e—S,LLnO
pno—Q(t) = ¢ o2 {/ Hng—1Hng [ + :| eSMno—zds}
0 Hng — Hnp—1 Hng—1 — Hng

1-— 6_('“"071_'u’"072)t 1— e_(lufno_ﬂnon)t
= Hnouno—leit#n072 —
(:uno - MnO*l)(ﬂnOfl - Nn072) (Nno - IUJHO*l)(/‘LnO - NnOfQ)
I e_tMnO—Q e_tMnO—Q
= HMngoMno—1 —
norne _(Nno — pino—1)(Hng—1 — Hng—2) (g = tng—1)(Hng — Hng—2)
e_t”no—l e_tﬂno
+ +
(Mno - :U’no—1>(lu'no—2 - Mno—l) (,U'no—l - Mno)(ﬂno—Q - ,UJnO)
[ e thng e thng-1
= HnoHno—1 +
nornoe | (no—1 = tng) (Bng—2 — ting)  (ng — Hng—1)(Hng—2 — Hng—1)
e_tﬂn072

_|_
(Nno - Mno—2>(ﬂno—1 - Uno—2)
(3.10)

Note that (3.6) for &k = ng — 2 is equal to (3.10). The general case can obtained in a similar way
but the details are omitted (see [17]).

3.2 The linear case

The special case of the linear death process is retrieved for pr = ku, so the mortality rate is
proportional to the current size of the population.

By observing that

no

IT Cen =) = (e = i) - (s = pin) (o = ) - - (g — fm)
h=k.htm

=k-m)p...(—)p-1-p...(np—m)p (3.11)
= (=1)"™ "R (m = k)" (ng — m))!

= (=)™ *pmoF(m — k) (ng — m)!

and that
& no—k h! no—k n()!
H Uy = j no(no—l)...(no—k—l)gzu o (3.12)
h=k+1
formula (3.6) entails that
no! no e—,umt(_l)m—k
t) = —
Pr(?) k! mz::k(m—k:)‘(no—m)'
no 0 ng — k k
—_ 1ym— —pmt
(0)2 G
m=k (3.13)
no—k
_ no no —k (_1)r6—u(k+r)t
k = r
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3.3. THE SUBLINEAR CASE

so the distribution of the linear death process is Binomial (cf. Fig. 3.1) with parameters ng and
e H (see |17]).

008

d

0

i mmmmﬂﬂ h?»...mm

0 % il 78 100

Figure 3.1: State probabilities {px(t), ¥ > 1} of a pure-death process (linear case) with initial population
size ng = 100, after ¢ = 1 time unit (x = 0.1). Binomial(ng, e #?).

3.3 The sublinear case

As shown in [17], in this case the infinitesimal death probabilities have the form
Pr{M(t,t +dt) = —1 | M(t) = k} = pu(no + 1 — k)dt + o(dt) (3.14)

where the death rate does not depend on the the number k of survivors, but on the number ng—(k—1)
of deaths occurred in the time interval (0,¢), so that for k = ng the probability (3.14) reduces to is
pdt + o(dt).

The difference-differential equations governing the survival probabilities pg(t) are

d

apk(t) = —p(no — k + 1)pr(t) + u(no — k)pry1(t) (3.15)
subject to
Py (t) = —11pny ()
; (3.16)
ZiPo(t) = pmop1 ()
and
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3.3. THE SUBLINEAR CASE

1 k= no
p(0) = (3.17)
0 0<k<ng
with solution given in [17]
no—k
—k
pr(t) = (”0 ) )(—l)he_(h+1)“t 1<k<mng (3.18)
h=0
and extinction probability
no no
wi) =3 () oree (3.19)
h=0
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Chapter 4

The birth-death process

4.1 The nonlinear case

We consider a process where birth and death are admitted so that the population NV (¢) can increase

and decrease as time passes. We assume that

Pr{(N(t,t +dt) =1 | N(t) = k} = \pdt + o(dt)
Pr{(N(t,t +dt) = =1 | N(t) = k} = pgdt + o(dt) (4.1)
Pr{(N(t,t +dt) =0 | N(t) = k} =1 — (A + p)dt + o(dt)

where g and Ag are the death and birth rates.

Furthermore we assume also that
Pr{N(t,t +dt) = £k | N(t) = k} = o(dt), k > 2 (4.2)

i.e., we suppose that clusters of deaths and births occur with a negligible probability. The state

probabilities
pr(t) = Pr{N(t) = k | N(0) = 1},k > 0 (4.3)
solve the system of equations
dpi(t
pgt( ) — (M + p)pk(t) + Me—1Pk—1(t) + per1pr+1(t), k>0 (4.4)
under initial conditions
1 k=1 (one initial progenitor)
pe(0) = (4.5)
0 k#1.
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4.2. THE LINEAR CASE

Equation (4.4) can be obtained in the following manner:

pr(t+dt) =
= pr(t)(1 = Apdt) (1 — pidt) + pr—1(t) \g—1dt(1 — pi—1dt)
+ P (8) (1 = Aprdt) 1 dt + pr () Adtpudt
= pi(t) — Mepr(t)dt — ppr (t)dt + pr—1(t) \g—1dt + prt1(t) pr41dt

(4.6)

By expanding py(t 4 dt), dividing both members by dt we get (4.4).

the immigration-emigration process.

Remark 4.1. If the Poisson rates are constant, A\ = A, pur = u, the birth-death process becomes

4.2 The linear case

In the linear case we obtain:

dpy(t)

- —(A+ wkpr(t) + Ak — )pr—1(t) + p(k + 1)prra(2), (4.7)

The exact distribution (see [12]') pi(t) = Pr{N(t) = k}, k > 1 is (cf. Fig. 4.1)

pr(t) = (A — ,u)Qe*()‘*u)t A(1— e—(/\—u)t)]k_1

which for A = p simplifies into (cf. Fig. 4.3)

()\t)kfl
ty=——"~F—— k>1 4.9
pk( ) (1 + )\t)kJrl’ = ( )
The extinction probabilities are
_pt A=
po(t) = { TH g (4.10)

—pe—(A—p)t
p—pe
A—pe— =t AF

The probability generating function G (u,t) = E[u’N()] of N(t) satisfies in the linear case the partial

differential equation

9G (u, t)
at

9G (u,t)
ou

= (\u—p)(u— 1)M7 lul < 1,t >0 (4.11)

= [ — (A + p)u+ 4] 5

with the initial condition G(u,0) = u (with a single progenitor at time ¢ = 0).

The general form of the solution of equation (4.11) is
Ot AU~
Gu,t)=1f1le ot — (4.12)
1—u
and this can be checked by substituting equation (4.12) into equation (4.11) and assuming that
f € C!. The argument of equation (4.12) is obtained by the method of auxiliary functions. By

LCf. also Bailey (1964) [1].
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4.2. THE LINEAR CASE

Polt)

Figure 4.1: Extinction probabilities po(t) for (a) A

P

B [ambda=1m=02
B [ambda=05mi=02
B fambda=025,mi=02

0.2, (b) A =0.5, 1= 0.2, (c) A= 0.25, 1 = 0.2.

Figure 4.2: Distribution {py(t), ¥ > 1}, for A= ¢ =0.75; t = 1.

imposing the initial condition

G(u,0) = Zukpk(O) =u=f (
k=0

(4.13)
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4.3. THE EXTINCTION PROBABILITY AND THE RICCATI EQUATION

Wy B lambda =1
- B Jambda =075
- B lambda=05

Palt)

Figure 4.3: Extinction probabilities po(t), for A =1, A = 0.75 and A = 0.5.

we obtain that
wtu

- A+ u

f(u)

because if we set )‘fi—_u“ = v, we readily arrive at (4.14).
The p.g.f. for X\ # p is therefore

pt e O )+ (e At

Glu,t) = { MEEEO00 = MimutQump)e-0omt 1 >0
—pe—(A—p)t
po(t) = i_zef(/\*u)t? u=20

The limit of the extinction probability (4.15) for A — p reads (cf. Fig. 4.2)

_ e~ (A=)t
lim X" #¢ _
Aop A — pe~A=mt 1 4 put

4.3 The extinction probability and the Riccati equation

The equation governing the extinction probability is

t t
po(t) = / e e Mds + / e e P2 (1 — s)ds.
0 0

Equation (4.17) is obtained by considering that

t
/ e Mue M ds
0

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

represents the probability that in (0, s) the initial particle will survive up to time s with probability
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4.3. THE EXTINCTION PROBABILITY AND THE RICCATI EQUATION

e "%(and no offspring was born, with probability e=**), and that it will die during [s, s + ds) with
probability uds.

The second term of (4.17) considers that the initial progenitor with probability e™#* survives up
to time s (and no birth is registered in (0,s) with probability e=**), an additional offspring is
generated in [s, s + ds) with probability Ads and both components of the population will die during
the remaining time [s, ¢], independently, with probability p3(t — s).

Hence, by deriving with respect to ¢, we obtain

t
Ph(t) = pe” AT xe= O Hmip2(() 4 /\/ e_()‘+“)5%pg(t — s)ds (4.19)
0

Equation (4.19) is then simplified as follows:
/ —(A+n)t —(A+p)t 2 ' —(s 4o
po(t) = pe + Ae Po(0) — A ; e £p0(t — s)ds

t
= pe” I Nem PR (1 — 5)|3Zh — (A + ) /0 emOHop3(t — 5)ds
\ ) t (4.20)
= pe” OF L Ap () — (A + ) [po(t) - u/o em O s
= —(A+ w)po(t) + Apg () + pe” AT [—pem )=
= p— (A + wpo(t) + Ap3(t).

Hence the extinction probability py(t), t > 0, satisfies the non-homogeneous Riccati equation

dpo(t)
dt

An alternative derivation is the following.

+ (A + w)po(t) = Apj(t) + p (4.21)

By considering the process in the initial interval [0, ds) and writing

po(t) = pds + (1 — pds)(1 — Ads)po(t — ds) + (1 — pds)Adsp3(t — ds), (4.22)
we are supposing that
e 1. the process becomes extincted in the initial interval [0, ds) with probability uds;

e 2. the process survives and does not generate an additional offspring in the initial interval ds,

and gets extincted in the interval [ds,t) with probability
(1 — pds)(1 — Ads)po(t — ds); (4.23)
e 3. the process generates an additional component with probability Ads and in the remaining

time [ds,t) the two components (independently) disappear .

Neglecting infinitesimal of higher order we have that

po(t) — po(t — ds)
ds

= p— A+ @)po(t — ds) + A (t — ds) (4.24)
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4.3. THE EXTINCTION PROBABILITY AND THE RICCATI EQUATION

and for ds — 0 the Riccati equation emerges and is satisfied by the extinction probability (4.10)

above.

Functions (4.15) and (4.16) are solutions of the Riccati equation of the next section.

For A = p we have that

d
am®+ﬂwdﬂzwﬂﬂ+ﬂ

is satisfied by (4.16).

Finally we observe that

5 A>up
Jim po(t) = §1, A=p
1, A<p

according to intuition.

Note that he extinction is certain if A < p and it is still possible if A > pu.

(4.25)

(4.26)
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Chapter 5

Fractional extensions of the Poisson

process

5.1 The space-fractional Poisson process: standard case

It is well-known that the state probabilities of the homogeneous Poisson process satisfy the equations

dpr(t)
dt

where Ipy, = pr. and Bp, = pr_1 where B is the "shift" operator.

= —Api(t) + Apr—1(t) = =A(I — B)p(t) (5.1)

The space-fractional Poisson process is defined by considering that the state probabilities (see [14])

satisfy

dpi(t)
dt

so that we arrive at the so-called space-fractional Poisson process, denoted as N(t),t > 0.

= {\I-B)}*m(t), 0<a<l k>0 (5.2)

Equation (5.2) can be rewritten by expanding the operator (I — B)® in binomial series, because

o Tla+1) hya—h
1—2) = —z)"1” 1
so that
Fa+1) hro—h
I - B)“ -B)"1¢
=B (a1 m)\ ) (54)
and, substituting in equation (5.2)
dpk a+1) h
= -\ 1 —n(t 5.5
Zh,mﬂ 77~ P-a(®) (5.5)
subject to the same initial conditions as in (5.1), that is
1 k=0
~1(t) =0 V¥Vt and 0) = 5.6
p-1(t) Px(0) { 0 k>1 (5.6)
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5.1. THE SPACE-FRACTIONAL POISSON PROCESS: STANDARD CASE

5.1.1 Properties of the space-fractional Poisson process

(i) Note that dpgt(t) in (5.5) depends on all probabilities py_p,(t) with 0 < h < k. This means that
the jumps of the space-fractional Poisson process can be of any integer-valued size (cf. Fig.

5.1).

(ii) For a =1 equation (5.5) reduces to equation (5.1).

(iii) The distribution of jumps can be written as'

COEN o —1) .. (a — k+ 1)dt + o(dt) k> 1

Pr{N®(t,t +dt] =k} = { k! L At 4 ofd) (5.7)

where a(a—1) ... (a—k+1) can be represented by the Pochhammer symbol («)y; alternatively

the distribution (5.7) can be rewritten as

(—DFINT (o + 1)

Pr{N“(t,t+dt] =k} =

ET(a+1—-k)
_ alt)‘k—l!c o e sku(ds) + o(dt) E>1 (58)
1—dt [°(1 —e*)v(ds) + o(dt) k=0
where v(ds) = %ds, s > 0 is the Lévy measure that is a measure on the half-line such

that

/O T (s A1) wlds) < oo (5.9)

(iv) The probability generating function of N“(t) satisfies the equation

dGa(u, « [e7
Go(u,0) = 1
so the p.g.f. is obtained by solving the (5.10):
Go(u, t) = e A=W (5.11)
The p.g.f. (5.10) is itself a probability and can be written as:
1
Golu, t) = e AW = Pr{ min X >1— u} O<u<l1 (5.12)
1<k<N(t)

where the Xj’s are independent r.v.’s and have uniform distribution in [0,1], N(¢) is an

homogeneous Poisson process of rate \“.

'In fact, by recognising that %fooo e MskTe"1ds = 1, it holds that /}ij Ooo e gk olis(;f;)l ds =
k [e% a4
%F“Oia) F/{I;jz). The last expression can be further manipulated as follows: %“&g’fa‘;) = %"‘Flz(lk:a‘;) .
I'(a) T(1—(k—a)) _ A T(a+l) I'(k—a)l(1-T(k—a)) _ A® T(a+1) sin(mwa) _ (=Dt xor(a+1)
T(a) T(1—(k—a)) — Kl T(k—atl) (o) (1—a) = W Th—atl)  sin(r(k—a)) W T(i—at1)s Where the Eu-

ler’s "reflection formula" of the gamma function (i.e. i.e., for 0 < z < 1, I'(2)I'(1 — z) = ———) has been applied

sin(7z)

(1
twice and by the bisection formula sin(7(k — a)) = sin(k) cos(ma) — cos(k) sin(ma) = (—1)*! sin(ra).
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5.1. THE SPACE-FRACTIONAL POISSON PROCESS: STANDARD CASE

Figure 5.1: Sample path for o < 1 of a space-fractional Poisson process N¢(t).

(v) By the exponential function properties in (5.11) the space-fractional process has independent

increments.

In fact

Ga(u,t) — e—Aa(l—u)at — e—)\a(l—it)a[s-"—t—S] — Ga(u’ 8) . Ga(u’t — 5). (513)

(vi) From (5.11) the probability law of N®(¢) can be obtained as:

(X0 Tlart) 5,10

(e _ o _ _ (71)k - )
Pet) = PrN(t) = k} = k! Z rl T(lar+1—-k) —

r=0

For = 1 immediately emerges that (5.14) is equal to the classic Poisson distribution.
Note that:

T
Pt = —; (@A) 4+ (1l — a)A*]

Y (5.15)
p5(t) = 3l [(a)\at)?’ +3(aXt)?(1 — o) + a1l —a)(2 - @)\t

oA
i) = @) + 6N (1 — o)

+6(aXt)3 (1 — ) (2 — ) + a(l —a)(2 — a)(3 — a) A%
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5.1. THE SPACE-FRACTIONAL POISSON PROCESS: STANDARD CASE

and in general:

PR = — [eent’ o1 pt™ 4 et + cht} (5.16)

See |18] for expressions of the coefficients (cf. Fig. 5.2 and Fig. 5.3).

B apha=1
0 B apha=05
o B apha=025

Figure 5.2: Space-fractional Poisson: The time evolution for « = 1, & = 0.5 and « = 0.25 of the (survival)
probability p§(¢), i.e. k=0 (A =0.5).

(vii) Mean and variance diverge. In fact the first moment can be obtained from the first derivative

of the p.g.f.
;EuN&(t)\ul =EN®)uN" O, = EN(2),
u
0 0 a(i—wy (5.17)
%Ga(uvt)‘uzl = %6 |u:1
Galu, t)(aXt(1 — u)* ) |y=1 = o0
being o < 1.

The second moment can be obtained from the k-th factorial moment

iy = EIX (X = 1) (X =k +1)] (5.18)
E[X?] = p(y) + 1y (5.19)

and the second moment diverges as well.
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5.1. THE SPACE-FRACTIONAL POISSON PROCESS: STANDARD CASE

P
o

Figure 5.3: Space-fractional Poisson: The time evolution of the state probabilities pg(t) for k =1, k = 2
and k =4, and a = 0.5 (A =0.5) (cf. Fig. 5.2).

(viii)

The space-fractional Poisson process is a time-changed Poisson process N*(t) :
N¥(t) = N(Sa(t) (5.20)

where S, (t) is a stable subordinator of order 0 < a < 1, independent from N(t), that is a

process with Laplace transform (see Appendix B)

E [e—vsa(t)} =" (5.21)

It is simple to check (5.20), having in mind (5.21), as follows

E [uN(Sa(t))} —E [E (uN(Sa(t))‘Sa(t)ﬂ _E [uSa(t)(l—u)}

. . (5.22)
_ ot g [UN (t)] = Go(u,t) for lu| <1
Due to the possibility for the space-fractional Poisson process of multiple jumps over any inter-
val dt, the probabilistic nature of waiting times is different from the exponential distribution
characterising the homogeneous Poisson process. The first passage? time of level k is defined

as:

2Note that, in the case of the space-fractional Poisson process, the first passage time, as defined by equation (5.23),
differs from the concept of hitting time, defined as T,ga) = inf{t > 0: N (t) = k}, for which Pr{TIEM < oo} <1and
there is a positive probability of missing any level k£ (due to multiple jumps), cf. [8].
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5.2. GENERALIZED SPACE-FRACTIONAL POISSON PROCESSES

T = inf{t > 0: N () > k} (5.23)

The distribution of T]ga) is obtained in [18] as

k—1 h ik
(@) A (A dY e
h=0
where, for instance
Pr{T) ¢ ds) A s ! (5.25)
r s} = N . .
k XA 3 (1 — o+ a\¥s)ds... k=

[18] also derives an iterative construction, i.e.

(_)\)k—l i{ dk—l
(k— 1)l ds "d\k—1

Pr{T® € ds} = Pr{T\*), € ds} — e "1 ds. (5.26)

Remark 5.1. In motor vehicle insurance, a tentative interpretation of subordination to a random

time can be car mileage, which can represent an operative measure for the "flow of time".

Remark 5.2. The space-fractional Skellam process is defined as
S(t) = N1(Say (t)) — Na(Sas (1))

with S,, and S,, subordinators independent of Ny(t) and Na(t).

It can perform upward and downward jumps of arbitrary lengths. For its properties see [4].

5.2 Generalized space-fractional Poisson processes

If we start from equation
dpi(t)
dt

which generalizes (5.1) and (5.2), we are able to construct a new class of point processes with

= —f (A= B) palt) (5.27)

independent increments.
The functions f appearing in (5.27) must belong to the class of Bernstein functions, which

are C*°(RT), non negative and such that?

k;dk

/@) <0, x>0k>1 (5.28)

(=1)

Furthermore the Bernstein functions have the following integral representation

f(z)=a+bs+ /000(1 —e " u(ds) (5.29)

*Note that f(x) is such that f'(z) ~ [;* e "*v(ds) > 0 and f"(z) ~ — [~ e " v(ds) < 0.

—Jo
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5.2. GENERALIZED SPACE-FRACTIONAL POISSON PROCESSES

where v(ds) is the Lévy measure on (0,+00) and such that

+oo
/ (s A 1)w(ds) < oo (5.30)
0

In our text we assume a = b = 0. For each Lévy measure we define a Bernstein function by
means of (5.29).

Some particular Bernstein functions are

flz)=x homogeneus Poisson
f(z) =2 standard space-fractional Poisson (5.31)
flx)= (z4+6)*—0° tempered Poisson process .
f(z) =log(1+x) negative binomial process
The function z is obtained by the Lévy measure
a5 = 20 1 (5.32)
= — < o<l .
v(ds) T —a) S, !

The function (x + 6)* — 6% generates a process (tempered Poisson) with finite mean and

variance (see [18]).

The process related to (5.27) is denoted by N7(t), with ¢ > 0 and its probabilistic behaviour

is governed by the following relationship

Pr {Nf (t,t+dt] = k} - { dtis I~ e 1_Asd:f( )) +oldt) Z i (1) (5.33)

The probability generating function of N/ reads

E [uNf(t)] — o tF(M(1-u) (5.34)

and can be derived by considering that

Bl = —f{AI-B)E (u) (5.35)
Gf(u,0) =1
The relation with the homogeneous Poisson N(t) is given by
NY(t) = N(H' (1)) (5.36)
where H/(t) is a subordinator with Laplace transform
E [e*“Hf(t)} = W) = e*tfooo(lfeiw)u(ds) (5.37)

If f(x) = 2%, with 0 < o < 1, then H/(t) is a stable subordinator and N/(t) is the standard

space-fractional Poisson process dealt with above.
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5.2. GENERALIZED SPACE-FRACTIONAL POISSON PROCESSES

If f(z) = (z+6)" — 0% corresponding to the Lévy measure v(ds) = %ds with
0 > 0,0 < a < 1 we have the Poisson process with tempered or relativistic stable distribution.

Its probability law is

o —1)™ A"t SN (—t(A+0)F T(ak+1
A

If & = 0 then the (5.38) is equal to the standard case (5.14), while if § = 0 and aw = 1 (5.38)
coincides with the distribution of the homogeneous Poisson process in (1.4).
Note that
E[N*(t)] = arxg 't
Var [N*9(t)] = aX0*2(A(1— ) +0)t (5.39)
Cov [N“O(t),N*9(s)] = aX*2(A(1—a)+0)(sAt)

Remark 5.3. To show that N'0(t) = N(t), substitute § =0, o = 1 in (130)

DA K (-A)F T(kE+1)

tim Pr{N*/(t) = m} = {

0] ml A=kl T(k+1-m)
e (—AE)F k! R e YA L ,
=D Z( k!) il —my Y Zm!((k—)m)! forj=k—m
k=0 k=0
(=AM (=) (=A™ = (= At
:(_1)mz( m!)j! _ )ﬂ(ﬂ ) Z( j!)
k=0 k=0
_ )™
m!

If f(x) =log(1+ z) and the related Lévy measure is v(ds) = e;—sds s > 0 we have a Poisson
process NT (t), t > 0, with the Gamma-subordinator. Its probability generating function is

1
1+ A1 — )

GF(U,t) _ e—tlog(1+)\(l—u)) _ (540)

The I'-Poisson process has the structure of a renewal process with intertime U possessing
distribution
Pr{U >t} =G"0,t) = (1+\N)" (5.41)

The process N (t) EN [H'(t)] has Laplace transform
E [e_“Hf(t)} = (14" (5.42)

while the probability distribution of NT(¢) reads

k
Pr{N'(t)=k} = - (Sk,r(&kj f;k — k>0 (5.43)
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5.3. ANOTHER FRACTIONAL GENERALIZATION OF THE POISSON PROCESS

and has the form of a negative binomial distribution, i.e.

PriB = k)= Tii+k) ;5 <k‘+i1

i k .
k> > 1.
F(z’)F(k:+z’)pq k )pq 20,02

With p= (1+ )%, ¢= A1+ A)"! and i = ¢ then equation (5.44) is equal to (5.43).

The distributions of jumps in this case is

A )1 >
Pri{NV(t,t+dt] =k} = <A+1> plt k=l
1—log(l4+Adt k=0

which is a simil "logarithmic distribution". The main moments of N'(t) are

E[NY()] = XM
Var [NU(t)] = AMA+ 1)t
Cov [NT'(s),N'(t)] = AXA+1)(sAt).
Note that
Pr{NT(s) = r[NF(t) =k} = (})Ztdpter =

= E[()x7(1- X)]
where X is a Beta random variable with parameters s and t — s, that is

.,L.sfl (1 _ x)tfsfl

d 0 1
Bs.t—s) xz, <z <

Pr{X edz} =

i 1, p— - I'(p)l
with B(p,q) = fy a7~ (1 - )~'do = PEO,

5.3 Another fractional generalization of the Poisson process

A fractional Poisson process N, (t) can be defined by the distribution (see [2])

SIS B | (At)*
PriN,() =k} = Tkt P20

where

Z Vk‘+,u

k=0

is the Mittag-Leffler function, with v, u > 0 The probability generating function of (5.49) is

E,/’l ()\ut)

Gy(u,t) = |u™0] = =2 O =t=

which satisfies a order-v fractional differential equation in u (see Appendix C):

TG = MGy () 0<v <1
Gy(u,0) =1

4Note that the result generalizes the property of the Poisson process reported in equation (1.31).

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)
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5.3. ANOTHER FRACTIONAL GENERALIZATION OF THE POISSON PROCESS

The expected value of N, (t) is, as can be ascertained using %El,yl()\ut) = %El,’,,()\ut),

. At E,, (At)
E[N,(t)| = —————= )
%) v By (M) (5.53)
while the variance is:
. A Ey,_1(A) M By, (At) E,.,(At)
\Y N,(t)| = —5—= — 1 - Mt——+= .54
‘”“[ ()] 2 B N) 2B E,1 () (5:54)

For v = 1, By 1(z) = €* and Ny(t) is the simple Poisson process. For v < 1, N, (t) has no longer

independent increments.

with fractional order derivatives.

Remark 5.4. This process can be viewed as a fractional version of the Poisson process, because the

Mittag-Leffler function has a similar role as the exponential function e® in the analysis of equations

P

k

Figure 5.4: Distribution pg(¢),k > 1 for A\ =1 and v = 0.5.

It is easy to show that for i.i.d. r.v.’s with d.f. F(z):

Pr {max (X1, e vXN,,(t)) < u} = Ew (5.55)

5Cf. the Gnedenko-Gumbel distribution in formula (1.72)
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5.4. THE TIME-FRACTIONAL POISSON PROCESS

In fact

Pr{max{X1,.., Xy} <u}
= Eg, [Pr{max{X1, ..., Xg o} < ulN,(t)}]

. (5.56)
= By, [Pr(X <™ 0] = 3o Pr(xa < T B ]
Moreover,
Pr{min(X1, ..., Xg, ) > u} = E”’l(gill (_At?(u))) (5.57)
The distribution of the waiting time of the first event T} is
Pr{T? >t} = Pr(N,(t) = 0) = Ey’ll( ok (5.58)

Remark 5.5. The distribution (5.49) can be seen as a weighted transformation of the homogeneous
Poisson process (see Fig. 5.4):
Pr{N(t) = k} r iy

~ —oo . J! k>0
Y=o Pr{N() = j} iy

5.4 The time-fractional Poisson process

In this case it is useful to start the analysis from the equation governing the state probabilities (see

[2]) generalized by a (time)-fractional derivative

dl/pk (t)

T —Apk(t) + Apr—1(t) k>0,p1=0,0<v <1 (5.59)
subject to the initial conditions
1 k=0,
pr(0) = (5.60)
0 k>1,
where .
d”pr(t 1 d 1
Pi(t) _ / Pi(s) ds (5.61)
dtv 'l-v)Jy ds (t—s)V

is the fractional derivative in the sense of Dzerbayshan-Caputo.

It can be shown (see [2]) that the distribution emerging from (5.59) has the form

v ) oo () (AT
(t) = 2o T(w(ktr)+1) (5.62)

oo r— r AtY)"
= DR F((Vi“—f)—l) k=0

and the process can be called time-fractional Poisson process N, (t).

For small values of £ it is possible to write the distribution (5.62) in terms of Mittag-LefHler functions
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5.4. THE TIME-FRACTIONAL POISSON PROCESS

as follows
pe(t) = Epa(=At")
p'f(t) = %Eu,u(_)‘tu)
v\2
P5(1) = G [(1 = 1) By (< M) + Byt (< N17)]
v)3
py(t) = <ng§ [2(1=v) (3 = v) Eusu(=At") + 3(1 = v) Eyz—1(=At) + Eyzp—a(—AtY)]
(5.63)
The probability generating function of the time fractional Poisson process N, (t) is
Gn,(u) =E,1 (AMu—1)t") (5.64)
From (5.64) we can extract the mean and the variance (cf. Fig. 5.5 and Fig 5.6)
)\ v
EINO) = "
Var[Ny()] = 4 Q2L (56
ar [Ny — T+1) v r'(2v) vI2(v)

Clearly, the time-fractional Poisson process is overdispersed®.

0
W onu=1
o 4 =05
B nu=02%
7
I
N_
D_

Figure 5.5: Comparison between expected values (w.r.t. time) of a time-fractional Poisson process of
different parameters v = {1,0.5,0.25} and A = 1. Note: v = 1 corresponds to the standard Poisson process.

The time-fractional Poisson process is a renewal process with intertimes U; = 7; — 7;,_1 having the
Mittag-Leffler distribution

Pr{U; >t} =Pr{T{ >t} = Pr{N,(t) = 0} = E,1(—\t") = p{(¢) (5.66)

5For 0 < v < 1, the term A(v) = =+~ — —+— > 0. In fact, by means of the Legendre duplication formula of
T'(2v) vI2(v)

z l .
the gamma function, i.e. T'(22) = %j\ﬁz), one can easily check that A(v) >0,0<v < 1.
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5.4. THE TIME-FRACTIONAL POISSON PROCESS

10

MACNLCEY D

Figure 5.6: Comparison between variances (w.r.t. time) of a time-fractional Poisson process of different
parameters v = {1,0.5,0.25} (A =1). Note: v = 1 corresponds to the standard Poisson process.

One can notice (cf. Fig 5.7) how intertimes have longer durations than exponential, corresponding
to "plateau" with no jumps, followed by clusters of (unit) jumps. Indeed the intertimes have infinite
expectations.

The density of the random variables U is
Pr{Uj edt} = X""1E,,(-\")dt t>0,0<v<1 (5.67)
and has Laplace transform

o0 A
“Hpr{U; € dt} = ————, > 0. 5.68
/0 e r{U; } N 0 (5.68)

We are able to calculate:
PT{Ny(t):k’}:PT’{Ul—i-...—i-Uk<t,U1—|—...+Uk+1 >t}
:PT{Ul—i-...—i-Uk<t}—P'f‘{U1+...+Uk+1<t} (5.69)
= Pr{T" <t} — Pr{T"), < 1}

and by means of Laplace transform:

Iul/fl )\k

e (5.70)

/OO e MPr{N,(t) =k} dt =
0

that is equal to the Laplace transform of the solution.

The time-fractional Poisson process can be represented as a Poisson process with a time change
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5.5. THE SPACE-TIME FRACTIONAL POISSON PROCESS

obtained by the "inverse" of a Stable subordinator (see [15]). More precisely, it admits the following
representation:

D

N,(t) 2N(L'(t)), O0<v<1l, t>0 (5.71)

where N is a homogeneous Poisson process and L”(t) is the inverse of a Stable subordinator S¥(t),
ie.

Pr{L¥(t) > s} = Pr{S"(s) < t} (5.72)

For the hitting time of the time-fractional Poisson process

7 —inf(t>0: N,(t) = k), k>1,ve€(0,1] (5.73)
[2] provide the expression

) . © /L N gV(k+h)—1
h=0

Remark 5.6. The time-fractional Skellam process
Poisson processes (see [4])

Fsi(t) = Nu(LW (1)) = Na(LP)(2))

both in (0,1).

The time-fractional Skellam process is expressed in terms of the difference of two time-fractional

where LW (t) and L3)(t) are two independent inverse stable subordinators of indexes v and vy

5.5 The space-time fractional Poisson process

A space-time fractional Poisson process N, a, v € (0,1), can be easily understood by means of sub-
ordination of an ordinary Poisson process to both a Stable and then its inverse Stable subordinator.
As such, it can be represented as N2 (t) = N(Sa(La(t))), t > 0, where D, (t) is an independent

a-Stable subordinator and L (¢) is its inverse.

We refer to [14], where the process is defined as an extension to the space-fractional Poisson (see
also [15]).

Quite naturally, on one side, the "space-fractional" dimension of the process involves the fractional
"shift" operator A® = (1— B)® for its construction, as it appears in the (fractional) Cauchy problem

for the state probabilities p}"(t), k > 0, i.e.

v
d (eR%

TP () = =AY (1 = B)*pp (1) (5.75)

where, on the other side, a (Caputo) time-fractional derivative operator takes into accounts the
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© 4 I
B =09

n+ B n=05
B nu=02%

T

N -

[@]
\ T T T T T
0 2 4 i 8 10

Figure 5.7: Time-fractional Poisson: A sample trajectory for v = 0.9, v = 0.5 and v = 0.25. Note the
"slow pace" of progress of the counts w.r.t. time.

time-fractional dimension, subject to the initial condition
0 k>1
Py (0) = { _0 (5.76)

The "time-fractional" and "space-fractional" dimensions appear more evident in state probabilities
Y (t) = Pr{NS(t) = k}, which are given as (see [14])

DESS (=X t)h T(ah+1)
pk = Z

k>1 1 1
T(vh+1)T(ah +1— k) 2 La€(0,1]v e (01], (5.77)

h=0
where state-probabilities appear as a "natural" integration of the respective specific structures.
Indeed, setting @ = 1 and v = 1 the time-fractional and space-fractional Poisson processes are

recovered, respectively. See also [3].

The probability generating function Gy, (u) obtains as solution of

G (U, ) = =X (1 = )Gy (u, t)

Ga,y(u, O) =1 (578)

that is
Gap(u) = Ey1(—A*(1 —u)*t") lu| <1 (5.79)
where the E, ;(x) = E,(z) is indeed a one-parameter Mittag-Leffler function.

1
The p.g.f. Go,(u) has a probabilistic interpretation with respect to the event (minj <<y, o U 2>
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5.5. THE SPACE-TIME FRACTIONAL POISSON PROCESS

1 — u), where the random variables Uy, k > 1, are i.i.d uniforms, and N, (¢) is the time-fractional

Poisson process, i.e.

1
Gap(u) = Pr{lg;?glﬁ(t) Ug z1-u}  ul <L (5.80)
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Appendix A

Probability generating functions.

The probability generating function (p.g.f.) of a discrete non negative r.v. X : {k,pr; k£ =0,1,2,...}

is defined as

oo
Gx(u) = Zpkuk lu| <1 for absolute convergence (A1)
k=0

The name comes from the property

1 BkGX(u)

H OuF |u:0 = Pk (AQ)

Consequently, if Gx(u) = Gy (u) then px = py, i.e. if X and Y have the same p.g.f. then they
have the same distribution.

Note that -
B ) B 0G x (u)
Gx(1) = kzopk: =1G3'(1) = D0

vy =EX) (A.3)

The k-th factorial moment is

X! ok
(X — k’)‘] ~ Ouk

pey = EX(X = 1) (X —k+ 1) =E[ Gx(ho =GP (A4)

Therefore, the variance is
Var[X] = E[X (X — 1) +E[X] ~E*[X] = u +u85) — ()% = G0+ G (1) - (G (1) (A5)
In general, the p.g.f. of a r.v. X is defined as

Gx(u) = E[uX] |u| <1 (A.6)

Given that the moment generating function (m.g.f.) is

then
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Chapter A. Probability generating functions.

If X;,i=1,2,...,n, are n independent r.v.’s and S,, = > ;" | a;X;, a; constants, then

n n
Gy, (u) = Bu"] = Elu> %] = Eu® ™ _u* ] = [ Eu"Y] = ] Gx, (u™) (A.9)
i=1 i=1
For the special case S = X1 — Xo
1
Gs(u) = Gx, ()G () (A.10)

If N is a discrete r.v. independent of X; and Sy = Zfil X,

Gy () = Eu: %] = Ey[E[ui= 5| (A11)
N N o0 n

= En[[JELS)) = En[] [ Cxi(w] =D pu [[ Gx.(w) (A.12)
=1 i=1 n=1 i=1

and if the X; are also identically distributed (i.i.d.) then

Gsyw = En[Gx(u)"] = Gn(Gx (u)). (A.13)

Ezamples
e The p.g.f. of a constant c is

Ge(u) = ut. (A.14)
e The p.g.f. of a Bernoulli r.v. X with parameter p is
Gx(u) = E[u™] = [pu' + (1 = p)u’] = [up + (1 - p)}; (A.15)

e The p.g.f. of a Binomial r.v. S, =" | X is
E[u®] =E[[[v¥] = [[E[Y] = E[u™)" (A.16)

=1 =1

respectively by independence and equi-distribution of the X; so that finally
= [u'p+ (1 = p)u’]" = [up + (1 — p)]" (A.17)

where p is the parameter of the Bernoulli r.v. X;.

e The p.g.f. of a Poisson(\) r.v. is

Gx(u) = Z e Ak = AT, (A.18)
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Appendix B

Stable random variables and stable

subordinators.

B.1 Stable random variables

A random variable X is Stable iff V a1, as €R" and VX1, X5, X, i.i.d., 3b > 0 and ¢ € R such that:

a1 X1+ asXo E bX +¢
If X is Stable, o € (0, 2] called stability index, such that:
af + a3y = b~.

We write X is a-Stable.
The c.f. of an a-Stable r.v. X is the following:

E(BWX) :{ efoa|0|a(1—i[30tan7)+iu0 0175 1

. n 2 .
efo'|9|(1+15;91n|9|)+z,u9 a=1

with o > 0, g € [-1,1], p € R. We write also X ~ S, (o, 5, ).
If X > 0 we have also the Laplace transform

ey = | SPlagg) oAl
exp{—c2lny} a=
Ezample. Let X ~ N(u,0?), then o = 2 and

b=/a?+ a3,

c= (a1 +az —b)u.

(B.1)

(B.4)

—~~
o @
S Ot
S—
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B.2 Stable subordinators

The general idea of subordination refers to a process which evolves in an "operative" (as opposed

to natural) random time.

e A subordinator is an (a.s.) non-decreasing right-continuous process with stationary, i.i.d.
increments (a case of Levy process). A Stable subordinator is an a-Stable process S, (t); an
inverse Stable subordinator L(x) represents the first passage time of a Stable subordinator S,
for a level z, i.e. L(z) =inf{t: S,(t) >z}, > 0. The following results hold.

e a-Stable subordinators S, (t), 0 < o < 1, are characterized by Laplace transform of the form

Ele %W = ¢~ 9>0,t>0 (B.7)

e o-Stable subordinators, 0 < a < 1, scale in time according to a power-law with exponent

greater than unity, i.e.

Sa(ct) ~ céSa(t), c>0 (B.8)

Inverse a-Stable subordinators, 0 < « < 1, scale in time according to a power-law with

exponent smaller than unity, i.e.

Salct) L c@Sa(t),  ¢>0 (B.9)

The density function of an aa—Stable subordinator is given by

ho(z,t) = atz™ @ FVW, (tz™) >0 (B.10)

while the density function of its inverse a—Stable subordinator is given by

lo(t,x) =t Wy (t “x) x>0 (B.11)

where W, (x) is the Wright function

_ N (=)
Wa(x) = W—a,l—a(‘r) - l;) k"F(—O[kJ + (1 — a)) (B12)

The two densities are related as

Lt ) = —aat/ox h(y, £)dy (B.13)

Closed form densities arise for o = %, in which case

(x,t) = e % (B.14)
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B.2. STABLE SUBORDINATORS

which corresponds to the first passage time distribution (Inverse Gaussian) of a standard
Brownian motion through the level % (or, equivalently, of a Brownian motion with variance
V2 through a level ¢), and

(t,z) = e 1= (B.15)

which corresponds to the probability distribution of the maximum of a Brownian motion over

a time interval (0,x).
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Appendix C

Fractional derivatives.

The Riemann-Liouville fractional integral of order « is defined as

(1°f)(x) = F(la) /0 @yt f)dy, a> 1 (1)

The fractional derivative of order « of a (well behaved) function is the ordinary m-th derivative D™

of a fractional Riemann-Liouville integral of order m — «, i.e.

(D*f)(x) =[D™I™*H(x), form—-—1<a<m,a>-1 (C.2)

In fact the Riemann-Liouville fractional derivative of a function f(x) is defined explicitly as

1 dm [z I () _
(Daf)(l‘) — T(m—a) dz™ JO (z—y)otl-m dy m—1<a<m (03)
am —
T f () a=m

Note that the fractional integral is an extension of the Cauchy formula:

/Oz dxy /OI1 dxs... /Oznl f(zp)da, = (n—ll)' /Ox F@n) (@ — z)" " Lday. (C.4)

and the m-th (ordinary) derivative of a power function z™ is

dmax” _ n! _ I'(n+1) _
DMy = — —-1 _ D" = n—m _ n—m < n.
x T nn—1)(n—m+ 1)z (n—m)!x F(n—m—l—l)x , m<n
(C.5)
By analogy the fractional a-th derivative can be obtained directly as
d* ,_ T+l ..
— = < n. C.6
dzo” F(n—a+1)x a=n (C-6)
For example the derivative of half order (i.e., « = 3) for n = 1 gives
dz r'(2) 2 1
2 1 X2 1
x = x2 = = x2. (C.7)
da? F(%) F(%) %\/7T
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Chapter C. Fractional derivatives.

The Dzherbashyan-Caputo fractional derivative is defined as

1 f:r %f(y)
(Dg f)(z) = L(m—a) JO (z—y)oFl-m

A f(x)

dy

a=1m
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